The shear strength of granular materials is influenced by many factors that include particle morphology, gradation, mineralogy, fabric, material density, applied stresses, boundary conditions and loading path. In recent years, 3D imaging techniques such as computed tomography enabled researchers to quantify sand particle morphology based on 3D images of particles. This paper presents an experimental investigation of the influence of particle morphology (i.e., surface texture, roundness, form, and sphericity), specimen density, and initial mean stress on the shear strength properties of dry specimens of silica sands and glass beads. Spherical glass beads as well as three other sands (with different morphologies) with grain sizes between US sieve #40 (0.42 mm) and sieve #50 (0.297) where tested at 15, 50, 100, and 400 kPa confining pressures under axisymmetric triaxial compression. The influence of particle morphology on stress-strain response, volume change behavior as well as peak state and critical state (CS) friction, and dilatancy angles was examined. The triaxial test results of Toyoura and Hostun RF sands collected from the literature was included in the analyses. Simple statistical models capable of predicting the peak and CS friction angles as well as dilatancy angle by providing particle surface texture, roundness, sphericity, relative density and initial mean stress as input parameters were developed. The results show that morphology parameters highly influence dilatancy angle, CS and peak state friction angles.
INTRODUCTION
The shear strength of uncemented granular materials is attributed to the true friction, particle rearrangement/interlocking (dilatancy effects), and crushing if the material is tested under very high compressive mean stresses. During shearing, particles may interlock, translate, and/or rotate as they interact with each other. Granular materials consist of discrete particles with fabric (microstructure) that changes during loading. All particle-scale interactions are strongly influenced by the morphology of particles (i.e., size, shape and surface characteristics) which therefore plays a critical role on the constitutive behavior and deformation characteristics of uncemented granular materials. The quantitative description of morphology, fabric, and particle interactions in the context of granular materials is well understood in 2D, and has been studied extensively since the early 1970s (e.g., Oda 1972; Powers 1982; Kanatani 1984; Frost & Kuo 1996) ; however, similar 3D measurements are still very limited. Cho et al. (2006) investigated the influence of particle morphology on stiffness and strength of a large database of sand. Sphericity and roundness were visually characterized using 2D microscopic images of the sands. They concluded that increasing particle irregularity results in an increase in the CS friction angle. Cho et al. (2006) further stated, "Particle shape emerges as a significant soil index property that needs to be properly characterized and documented, particularly in clean sands and gravel. The systematic assessment of particle shape will lead to a better understanding of sand behavior." Morphology (shape, form, sphericity, and surface roughness) and gradation of particles significantly influence the strength and deformation properties of granular materials. Sands with a predominance of angular particles possess greater friction than those consisting mainly of rounded particles. Koerner (1968) investigated the effects of angularity, gradation and mineralogy on shear strength of cohesionless soils and found that the angle of internal friction increases with increasing angularity of particles, and decreases with increasing effective size. Most current experimental studies rely on 2D characterization of particle shape and sphericity in assessing their influence on the shear strength of granular materials (e.g., Sukumaran and Ashmawy 2001, Alshibli and Alsaleh 2004; Cho et al. 2006; Guo and Su 2007) . Based on limited experimental measurements, Alshibli and Alsaleh (2004) found that the peak friction and dilatancy angle increase as particle surface roughness and angularity increase. However, the results were inconclusive because particle shape and sphericity were not quantified from 3D images. More sand with wide range of morphology classes and densities need to be tested under different confining pressures while imaged in 3D and analyzed to identify the contribution of these factors to the friction and dilatancy of granular materials. In summary, the literature lacks a systematic 3D study that experimentally investigates the effects of particle morphology on the friction and dilatancy of sheared sand.
The objective of this paper is to quantify the influence of particle surface texture, roundness, and form on the peak and CS friction angles, and dilatancy of uniform silica sands.
Roundness, form and sphericity of sand particles and glass beads were quantified from highresolution 3D images. The objective here is to develop simple and practical statistical models that incorporate the influence of particle morphology, initial mean stress and specimen density to predict the peak friction angle, CS friction angle and dilatancy angle.
SAND MORPHOLOGY AND PHYSICAL PROPERTIES
Three types of silica sand known as F-35 Ottawa sand, #1 Dry Glass sand, and GS#40
Columbia grout sands were acquired and only grain size between US sieves #40 (0.429 mm) and #50 (0.297 mm) were used in this study (Table 1) . They represent uniform silica sands with different morphologies ranging from rounded to angular particle classes. Glass beads with similar grain size as these sands are also included in the investigation to provide baseline measurements for surface texture, roundness and form (Figure 1 ).
A definition of particle shape in terms of sphericity and roundness is widely accepted.
However, methods have not been standardized because of the tedious task of taking numerous readings. Wadell (1932) was the first to point out that the terms shape and roundness were not synonymous, but rather include two geometrically distinct concepts. Zavala (2012) presented a review of particle shape indices reported in the literature. Also, Alshibli et al. (2014) presented a literature review of particle morphology and proposed sphericity ( "#$ ) and roundness ( % ) indices of sand particles based on 3D synchrotron micro computed tomography (SMT) images of particles.
They are defined as:
Denominator in Eq. (2) represents the surface area of a sphere that has a diameter equals to the average of the shortest (dS), intermediate (dI), and longest (dL) lengths of the particle that pass through the center of mass of the particle. # and " are the actual volume of the particle and the volume of sphere with a diameter equals to dS, respectively. "#$ equals to unity for spherical particle. # is the actual 3D surface area of the particle. % equals to unity for a particle that has no corners on its surface and has the shape of a sphere. F is a measure of elongation of a particle and can range from a very small value for platy particles to 1 for a sphere. Hundreds of particles (see Table 2 were used to in the analysis to calculate "#$ , % , nd . A minimum of 400 particles need to be analyzed to produce statistically representative morphology parameters. Also, Alshibli et al.
(2014) measured surface texture of sand particles using optical interferometry technique and calculated the root mean square texture (Rq) as follows:
Where M and N are the number of pixels in X and Y direction, Zij is the surface height at a specific pixel relative to the reference mean plane. Rq represents the standard deviation of the surface heights. Table 2 lists the morphology indices of the sands. In addition, samples of Toyoura and Hostun RF sands were analyzed in the study along with other sands (Figure 2 ). Toyoura sand is a poorly graded silica sand with a mean particle size (d50) of 0.22 mm and has been extensively tested by Japanese geotechnical researchers under many loading and state conditions. Hostun RF sand is also a poorly graded sand with d50 = 0.34 mm and has been widely tested by many geotechnical researchers in France under various loading paths.
SPECIMEN PREPARATION AND TEST PROCEDURE
Air pluviation, vibration and tamping are common techniques used in sand specimen preparation. Air pluviation (raining) is perhaps the best method for preparing homogeneous laboratory specimens with the desired density to simulate the natural soil fabric occurring due to sedimentation. A specified target density or void ratio for the specimen can be obtained by varying the intensity of raining and the drop height. Detailed description of this technique has been presented by Miura and Toki (1982) , Rad and Tumay (1987) and Al-Shibli et al. (1996) . The air pluviation apparatus of Al-Shibli et al. (1996) was used to prepare the medium dense and very dense specimens for the experiments reported in this paper (Figure 3 variation. Loose specimens were prepared using a procedure like ASTM-D4254 where a funnel with 13 mm spout was held in hand and sand was deposited from a drop height of 25 mm.
The maximum and minimum index densities of tested sands were measured according to ASTM-D4253 and ASTM-D4254 standard procedures, respectively. It is interesting to report that air pluviation technique employed in this study can produce specimens with densities higher than the maximum index density (or minimum void ratio, emin) of ASTM-D4253 procedure. Table 1 lists the values of emax and emin based on ASTM standard procedures along with the minimum void ratio according to Al-Shibli et al. (1996) (emin_A). Lo Presti et al. (1992) reported that ASTM-D4253 may not produce the densest case for some sands and it is possible to prepare specimens with relative density, Dr > 100%.
Cylindrical specimens measure 71.1 mm in diameter and 142.2 mm in height were prepared by dry air pluviation (raining) of the sand into a mold. End platens with a diameter of 100 mm and tungsten carbide facing were used in the experiments. Using end platens larger than the initial specimen diameter allows lateral expansion of specimen with minimal friction between a highlypolished tungsten carbide facing and the sand particles. The triaxial test cell was assembled around the specimen, filled with water, and pressurized to apply the desired confining pressure ( J ). Quasi-static triaxial compression experiments were conducted on dry specimens using a conventional triaxial system with very precise measurements and controls for the axial load, axial displacement, confining pressure, and bulk volumetric changes. The deviator stress was applied at a constant displacement rate of 0.5 mm/minute. The volume change of the specimen was measured by tracking the changes in the volume of water pumped in/purged out of cell water while maintaining a constant s3 during the experiments. Table 3 list a summary of the experiments. Using emin of ASTM-D4253 to calculate Dr resulted in values in the range of 120% -165% for the very dense specimens; therefore, Dr was calculated using emax and emin_A.
STRESS-STRAIN AND VOLUMETRIC STRAIN BEHAVIOR
The principal stress ratio (PSR = @ / J ) versus axial strain, and volumetric strain versus axial strain relationships for the glass beads and the sands are depicted in Figures 4 through 7.
Volume expansion is taken negative in this paper. The PSR of loose specimens of glass beads ( Figure 4a ) gradually increased until reaching a CS value where there is no increase in PSR with further shearing. The volumetric strain exhibited a dilative behavior from the beginning for the specimen tested at J = 15 kPa and a small contraction followed by dilation for specimens tested at J = 50, 100, and 400 kPa, with negligible difference in volumetric strains between these experiments. As the specimen density increases, the PSR increases and a peak state emerges ( Figure 4b&c ) followed by a drop in PSR and eventually reaching a CS. A higher density and a low confining pressure cause a higher peak PSR followed by more pronounced softening. Figure   4b&c also shows that the specimens exhibit a dilative behavior after a very small initial contraction for all confining pressures with the volume expansion being higher for the very dense cases and the amount of volume increase decreases as the confining pressure increases. The PSR of glass beads exhibited an oscillatory behavior during the post-peak regime (if a specimen exhibits a peak state) or when the PSR reaches a CS. This behavior is attributed to the slip-stick behavior between the particles as they shear against each other. Glass beads have relatively uniform roundness/sphericity and smoother surface which causes the slip-stick that caused an oscillation in PSR. Alshibli and Roussel (2006) presented a detailed experimental study of slip-stick behavior of glass beads.
The specimens exhibit a volume increase after an initial contraction for loose specimens (Figures 5a, 6a, & 7a) or dilation from the beginning of the experiment for medium dense and very dense sand specimens. For the medium dense and very dense cases, the rate of dilation began high and decreased at high strains to approach a CS. On the other hand, loose specimens exhibited an initial contractive behavior followed by a small rate of dilation until the end of the experiment.
Using sand with a narrow grain size gradation caused the specimen to stay active as shearing continued which explains a small volume increase as shearing continued. Batiste et. al (2004) and Alshibli et al. (2016) reported a detailed investigation of failure mode of triaxial specimens that were monitored using computed tomography imaging technique, that revealed specimens continued to shear along secondary active shear bands as shearing continued.
Sieve analysis was conducted on the specimens tested at J = 400 kPa after the tests to determine the percentage of sand fractured during the test and the results are listed in Table 3 . #1 Dry glass sand has the highest percentage of fractured sand at about 11.4% to 12.3%. Such analyses revealed that specimen density (i.e., loose, medium dense, or very dense) has no influence on the percentage of fractured sand. In all cases, fresh batches of sand were used for each experiment to eliminate the possibility of using sand with sheared asperities of fractured particles.
The uniqueness of the CS line for the same type of sand is still a controversial topic (Wood 1990; Konrad 1990; Riemer and Seed 1997; Shipton and Coop 2014) 
INFLUENCE OF PARTICLE MORPHOLOGY ON VOID RATIO
Particle morphology affects the packing density of granular materials. The relationship between (emax -emin_A) and > , "#$ , % , and F were investigated and we found no clear trend between (emax -emin_A) and > , "#$ , or % . On the other hand, (emax -emin_A) has a clear trend with F as depicted in Figure 9 where emax -emin_A exhibit a steep almost linear decrease with the increase of F for the sands and a much smaller rate of decrease as F approaches 1 for glass beads. Abbireddy and Clayton (2010) used PFC2D discrete element code to generate cylindrical, triangular, diamond, and platy particles using overlapping discs with a constant diameter. Clump logic of PFC2D was used to generate the particles. Abbireddy and Clayton (2010) defined form as the ratio of the largest inscribing circle to that of the smallest circumscribing circle; a similar definition to Eq. 3 recognizing that Eq. 3 uses 3D images of particles. The results of Abbireddy and Clayton (2010) for double-layered platy particles are also included in Figure 9 . The trend of calculated emax -emin_A values of Abbireddy and Clayton (2010) is similar to the experimental measurements for sands and glass beads with a shift. Such difference is attributed to the shape of 2D platy particles that were used in Abbireddy and Clayton (2010) calculations versus 3D measurements of natural granular materials.
FRICTION AND DILATANCY ANGLES
In 1776, Coulomb suggested that soil resistance to shearing is dependent on the applied normal stress and can be modeled using a simple sliding block model (Coulomb 1776) . It is a purely static relationship that totally ignores the kinematic or dilatancy contribution to the strength of granular materials. Reynolds (1885 Reynolds ( , 1886 ) is credited as the first researcher to introduce the concept of dilatancy property of granular materials. Then, Hansen (1958) defined dilatancy angle as the ratio of plastic volume change divided by the plastic shear strain. This concept opened the door for more research that emphasized the importance of dilatancy effects in understanding the constitutive behavior and describing the failure of granular materials (e.g., Rowe 1962; Roscoe 1970; Vermeer 1978; Vardoulakis & Graf 1985; Manzari & Dafalias 1997; Alsaleh et al. 2006 ). Rowe (1962) advocated the importance of dilatancy in describing the peak stress state in granular materials. Rowe's theory assumes ideal spherical particles with only inter-particles sliding in 2D
and ignores particle rotation.
The peak state friction angle ( # ) and CS friction angle ( \" ) were calculated from the peak and CS PSR, respectively as:
The dilatancy angle ( ) was calculated using the following relationship (Vermeer and de Borst, 1984) :
Where n @ ⁄ is the slope of volumetric strain ( n ) versus axial strain ( @ ) at the highest rate of dilation from the nominal axial strain versus volumetric strain relationship, taken as positive slope for dilation to yield a positive dilatancy angle. Bolton (1986) Bolton (1986) model gave better prediction for experiments that were conducted at high confining pressure ( J = 400 kPa) which are shown using filled triangles in Figure 10 .
The loading condition (i.e, plane strain, axisymmetric triaxial, true triaxial, etc.), direction of principal stress with respect to specimen axis, and the ratio of applied principal stresses affect shear strength of soils Murthy 2015, 2017) . Axisymmetric triaxial compression procedure was selected in this paper to perform the experiments since it is the most common procedure and has been widely used to characterize shear strength of soils. Axisymmetric triaxial compression does not allow a variation of the intermediate principal stress ratio known as b-value and represents the lower limit of b-value (b = 0). One needs a true triaxial or a hollow cylinder torsion testing system to investigate the influence of b-value on friction and dilatancy angles. Also, particle morphology affects soil fabric which defines the arrangement of particles, particle groups and associated pore space. One can incorporate the influence of fabric by defining a fabric tensor that can be incorporated in a constitutive model that accounts for fabric. However, the objective of this paper is to develop simple statistical models to quantify the influence of particle morphology on friction and dilatancy angles. The authors performed individual assessment of the influence of quantitative parameters such as % , "#$ , F, Rq, Dr and normalized mean effective stress ( " Q / YZ[ ) on # , \" and . F gave better correlation than "#$ ; therefore, F will be used an index to represent particle sphericity. The results of the analysis are shown in Figure 11 where predictor Dr shows a positive trend with φcs whereas F, % , and " Q / YZ[ show a negative trend.
Rq shows a positive trend if all measurements are considered and a negative trend if only sand data are used.
It appears that % , F, Rq, " Q / YZ[ Dr affect # , \" and . Therefore, linear multiple regressions were conducted where function for each of the multiple regressions took the form of: † F E , F ‰ = @ @ E + G G E ⋯ ‹ OE E where = {1,2, … , } and = {1,2, … , }
Where F is an estimate for each of the = 5 coefficients for each predictor value . Statistical estimation and inference in multivariable regressions focuses on regression coefficients F , which were evaluated using Levenberg-Marquardt least squares algorithm, a commonly used algorithm in least square curve fitting problems. It optimizes regression coefficients F of the model curve † F E , F ‰ such that the sum of squares of the deviations, † F ‰ is minimized
Where is the dependent variable ( \" , # , or ). Standard error of estimate ( ) is a measurement of error in the estimated regression coefficient. Therefore, a smaller value indicates less deviation in the predicted value. is an extension of the definition of simple linear regression which is defined as:
Where is the variance-covariance matrix of the estimated regression coefficients, which is defined as:
Where is the matrix of independent variables ( F E ), is the standard deviation of the entire predicted data, which can be expressed as:
Where Q is the vector of predicted dependent variables. − is the degrees of freedom of the regression model. P-value is used to evaluate the significance of an individual regression coefficient in term of the contribution of a variable while other variables are included in the model.
For example, a P-value of 5% means there is only 5% probability that the model results are random or there is a 95% probability that the model results are being correct that the independent variable has a significant effect on the regression model.
Predictors were individually analyzed in conjunction with φcs, φp, and that gave the following models: 
The true angle of friction ( ª ) defines the friction between mineral surfaces of the materials and has a value of 23 o for silica (Rowe, 1962) ; therefore, the constants in Eq. 13 and 14 are set equal to 23 o . A summary of coefficients, their SE and P-values are listed in Tables 4 through 6 values; however, they have small coefficients and SE values where Dr has the smallest SE followed by " Q / YZ[ ( Table 4) . As F increases, particles shape changes close to a sphere and there will be less surface contact between adjacent particles as opposed to platy shape particles (small F value) which is expected to result in smaller \" which is obvious from the trend of data in Figure 11a and negative coefficient in Eq. 13. Also, as % decreases or as particle > increases, one expects more interlocking and an increase in friction between particles which results in a higher \" which in manifested in data trend Figure 11b&c . A dense specimen will have more contact between particles resulting in a higher \" when it is compared to a loose specimen (Figure 11e ) and positive coefficient for • in Eq. 14. These experimental observations show that as particles' morphology deviates from a rounded shape and smooth surface to a more angular and rough one, enhanced interlocking and frictional resistance among contacting particles results in an increase in macroscopic friction and dilatancy angles.
Figure 12 displays models' prediction versus experimental measurements which demonstrate excellent predictions for the measurements that were collected by two independent research groups (Fukushima & Tatsuoka 1984; Lancelot et al. 2006) and this study. model is set to have zero intercept (Eq. 15). To further investigate the relationship between and independent variables in Eq. 15, experimental measurements for very dense sand specimens are plotted in Figure 13 where measurements on glass beads are excluded since they are spherical with smooth surfaces. As • increases, increases and as " Q / YZ[ increases, decreases which is expected (Figure 13d&e ). Figure 13d shows that F-35 sand has the highest followed by #1 dry glass sand, GS#40, Hostun RF, and Toyoura sand. There is a clear trend between % and where as % increases, increases since particles have more degrees of freedom to rotate when they have rounded corners. Also, as surface texture ( > ) increases, increases, suggesting a higher volume increase as particles interact (sliding and rotation modes) with each order. F has a mixed trend with probably affected by > and % suggesting a combined effect of > , % , and F as expressed in Eq. 15.
SUMMARY AND CONCLUSION
Particle morphology plays a significant role in determining the shear strength of granular materials and should be included in predictive models to better predict peak, CS friction angles and dilatancy angle. In order to identify the effect of particle morphology on the shear strength of granular soils, glass beads and three types of silica sands with different surface characteristics and same gradation were subjected to drained triaxial compression tests at four different confining
pressures. Morphologies of the tested particles were characterized by quantifying surface texture index via optical interferometry technique, and roundness, form, and sphericity indices based on 3D high resolution SMT images.
The stress-strain and volume change results of the specimens showed that most specimens exhibited dilative behavior even at relatively high confining pressure (400 kPa) with the rate of dilation is higher as the density increases and as the confining pressure decreases. The impact of particle morphology on shear strength parameters ( # , \" and ) was assessed and simple statistical models were presented to predict , \" , and φp using particles surface texture ( > ), roundness ( % ), form (F), relative density and normalized mean effective stress as input parameters. As a specimen density decreases and mean stress increases, # , \" and decrease.
# , \" and increase as F and % decrease.
Equations 13 through 15 are simple models that can be used to predict friction and dilatancy angles of sand in triaxial experiments using particle morphology, density and initial applied stress.
They can be utilized as input for constitutive models to accurately predict the shear strength of Fukushima & Tatsuoka (1984) Fukushima & Tatsuoka (1984) 
